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Abstract. We propose a simple geometrical method which enables us to link the topological
propetties of a random walk on the double-punctured plane and the conformal field theory
characterized by the central charge ¢ = ~2 and the conformal dimension A = —1. We discuss
briefly the connection between the topological invariants obtained from the conformal methods
and the algebraic Alexander invariants for the simplest non-trivial braid Bs.

1. Introduction

In the last few years owing to the pioneering works of [1,2] significant progress in
understanding of the relation ameng Chern—Simons topological field theory, construction of
algebraic knot and link invariants and the conformal field theory has been made. But despite
the general concepts being well elaborated in the field-theoretic context, the application of
these powerful ideas in related areas of mathematics and physics, such as, for instance,
probability theory and polymer physics is highly restricted. In our opinion this is due to
two facts: first, there is the problem of communication, i.e. the languages used by specialists
in topological field theory and probability theory are completely different at first sight, and,
second, there are no evident realizations of these field-theoretic ideas in simple geometrical
examples for physical systems.

In the present paper we show, in the framework of the differential geometrical approach,
the connection between the topological properties of a random walk on a double punctured
plane and the behaviour of the four-point correlaton function in the conformal theory
with central charge ¢ = —2. Using the conformal methods we construct the non-Abelian
topological invariants for entanglements of the random walk with the removed points on
the plane; we also briefly discuss the relation of that problem with the random walk on the
simplest non-trivial braid group B;. A detailed paper devoted to the investigation of the
topological properties of random walks on non-commutative groups [3] is now in progress.
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2. Conformal mapping for 2 double-punctured plane

We consider the random walk of total length L with the effective elementary step of length
! ({ = 1) on the complex plane, i, with two points removed. Suppose the coordinates of
these points are r; = (0, 0) and 7> = (g, 0) (@ = 1). Such a choice does not mean a loss
of generality because by means of simultaneous rescaling of the effective step, {, of the
random walk and of the distance, a, between the obstacles we can always come to the case
of any arbitrary values of [ and a.

The topological constraints for the random walk mean that the loop on $f enclosing the
points ry andfor 7 cannot be continuously (without path rupture) contracted to the point.

In this paper we restrict ourselves to only the “critical” case of infinitely long trajectories,
i.e. we suppose L — o0o. In field—theoretic language this means the consideration of
the massless free field theory on M. Actually, the partition function for random walks
on R written in the second quantized form is generated by the scalar-field Hamiltonian
H = 3(Vp)? + mp? where the mass = is the chemical potential conjugated to the length
of the path. Thus, for L — oo we have m. = 0 which just corresponds to the critical point
in the conformal theories {4].

It was shown in the paper [3] that it is possible to construct the universal covering
surface ¥ for M. We briefly describe the way of doing that. First, each point on & and on
& we characterize by the complex coordinates z = x + iy and 7 = u 4 iv correspondingly.
Now we make three cuts on R between (0,0) and (0, 1), between (0, 1) and (oc) and
between (o) and (0, 0) along the line Imz = § as it is shown in figure 1(a). These cuts
separate the upper (Imz > 0) and lower (Imz < 0) half-planes of the plane z. We perform
the conformal transformation of the half-plane Imz > 0 to the fundamental domain of
{—the curvilinear zero-angled triangle lying in the half-plane Imt > 0 of the plane 7—see
figure 1(b). It has been shown in [6] that this transformation can be realized using modular
function k%(7), i.e. we have

62(0, 7)

2(7) =42 (7) = o
3 ’

09
where 62(0, 7) and 85(0, t) are the elliptic Jacobi #-functions. We recall their definitions

oo (=]
622, T) = 2615/97 Z e D) oog(2n 4 1) G, T)=1+2 Zeim’ cos2nt .

n=0 n=0

It is not hard to proof that the universal covering 3 is now realized as a whole upper
half-plane Imz > 0 and all images of peculiar (branching) points on R are just transferred
to the boundary Imz = 0. Speaking more formally, each fundamental domain of 3 should
be considered as a Resman sheet corresponding to the fibre bundle of R, The space & has
the discrete group of motions I'y [7] generated by the basic substitutions

> 42 > /2T +1). )

3. Non-Abelian topological invariants for a random walk on

We distinguish different topological states of the path with respect to the removed points on
% by the topological invariants constructed from the conformal mapping described above.
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Figare 1. {z) Double-punctured complex plane, 3, with two basic contours P, and Py; (5)
universal covering space, J, corresponding to the fibre bundle of ®.

Shown in figure 2 are two closed contours C; and C; starting and ending at some arbitrary
point Ry on % which belongs to the same homology class but have different classes of
homotopy. On the universat covering 53 the coordinates of the initial and final points of the
trajectory determine [5]: the corresponding Euclidean coordinates on #; the homotopy class
of the path on ®. In particular, the closed contours on ¥ correspond only to the urentangled
closed contours on R.

The coordinates of the ends of the trajectory on & we use as a topological invariant
of the corresponding path on . We should stress that this invariant is complete for our
problem, it reflects the non-Abelian character of entanglements in the right way and could
be used for the safe classification of homotopy class of the trajectories on H.

The function z(z) has the inversed single-valued function z(z) = z~!(z) defined in
the basic domain of 3—the triangle ABC. We consider the multivalued function f(z)
determined as follows:

e the function f(z) coincides with z(z) in the basic fundamental domain;

o in all other domains of the complex half-plane Imz > O the function f(z) is obtained
from 7(z) by means of analytic continuation of T(z} through the boundaries of these
domains using the substitutions (2).

The explicit form of the function f(z) reads
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Figure 2, Example of two cantours belonging to the same class of homology but having different
homotopy classes.
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The topological invariant, Inv(C), for the closed contour, C, on the plane 7z we
characterize by the values of the initial, fia(z), and final, fs;(2), points of the path on
the half-plane Imt > 0 (see figure 1(p) and construct its complex realization, Inv)(C), as
a full derivative along the contour C:

df(z)
dz

Inv(z) (C) = _ﬁn — ffin = ‘/; dz. (4)

In other words, the invariant, Inv(C), can be associated with the flux through the contour
C on the plane (x, y):

Inv(C) = Inv 3 (C) = LVf(x, yndR (5)

where 7 is the unit vector normal to the curve C and dR = e; dx + e, dy on the plane
(x, y). Using the simple transformations

ndR=e,dy —e,dx=dR x &
and

Vix y)AR X8 = x Vf(x,y)dR
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where &€ = (0, 0, 1) is the unit vector normal to the plane {x, ¥), we can rewrite (3) in the
following form:

Inv(C) = fc £ % V £z y)vds ©)

where v = dR./ds is the ‘velocity’ along the trajectory and ds is the differential path length.
The vector product A = £ x V f(x, y) (where the function f is defined in (3)} we can

consider as a non-Abelian generalization of the vector potential of the solenoidal ‘magnetic

fields” which are normal to the plane (x, y) and cross the plane in the points r; and 74,

4. Monodromy transformations and conformal field theory
Let us consider two basic contours Py and P, enclosing the branching points z; = (0,0)

and zo = (1, 0) on the plane z—see ﬁgure 1. The function f(z) (equation (3)) obeys the
following transformations:

P x o af@+h

f (z—iz) =+ filz) = m (7a)
2 z. . @f(@+b

S (z—»z) — f2(2) = f O d (7b)

where

albl a 1 2 azbz_,._10

(Cl d!) i’ (0 1) (02 dZ)_GZ_(Z 1)
are the matrices of basic substitutions of the group I'; (they are consistent with the definition
().

We suppose f(z) to be a ratio of two basic solutions, #;(z) and u3(z), of some second-
order differential equation with peculiar points {z; = (0,0}, 22 = (0, 1), 23 = (c0}}. From
the analytic theory of differential equations [8] it is well known that the solutions #;(z) and
ua(z) undergo the following linear transformations when the variable z moves along the
contours P; and Ps:

2\ _ , ul(z)) (fil(z)) . (ul(z))
Pl = Py: | - = . 8
‘ (uz(z)) o (m) 2 \ i) ) = O ) ®
The problem of restoring the form of the differential equation knowing the monodromy
matrices &, and &; has an old history [8] and in our particular case has the solution

2
dd @ - )du(z)

1
Z(1 — g)——= Zu(z) =0. (9}
Now let us ask the following question: is it possible to consider () as a degeneration
equation determining the four-point correlation function of seme conformal field theory?
We show that the answer is positive and the coefficients in (9) completely define the

corresponding Virasoro algebra.
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‘We introduce the conformal operator, ¢(z), on the complex plane z. The dimension, A,
of this operator we define from the conformal correlator

{p(De)) ~ (10)

Iz _ Z;IZA )

Let us suppose that ¢(z) is the primary field, then the four-point correlation function
{o(z)o(z)e(z3)0(z4)} satisfies the degeneration equation following from the conformal
Ward identity {4, 9, 10]. In the form of a Riemann ordinary differential equation this equation
on the conformal correlator

¥rzlz1, 22, 23} = (@(De(zi e (Z2)plz3))

with fixed points {z; = (0, 0), zo = (1, 0), z3 = oo} reads [4,9]

[ 3 & 14 1 d A A 2A

POALDdZE " zdz Tz—1de 2 ,22,23) = 0.
A+ DE Tz Tr-1d: 2 (z—-l}2+z(za-1)]¢(zlh227'3)

Performing the substitution

¥ (zlz1, 22, 23) = [2(z — DI u(z)
we get the equation

z{z = Du’(2) = (1 —4A)(1 - 22)'(2) + $2A —8AMu(zn) =0 (1D
which coincides with (9) for one single value of A

A= —--Ig . i 1)

The conformal properties of the stress—energy temsor, T(z), are defined by the
coefficients, L,, in its Lourant expansion, T(z) = 3 se_.. Ln/2"*2. These coefficients
form the Virasoro algebra [4]

[Lns L] = (0 — M) Lpsm + 'ilfc(ns — nYontm,0

where the parameter ¢ is the central charge of the theory. Using the relation ¢ =
2A(5 - 8A)/(2A + 1) established in [9] and (12) we obtain

c=-2. - : (13)

We find very interesting the fact mentioned by B Duplantier. He poined out that the
value A = —% (equation {12} coincides with the surface exponent (i.e. with the conformal
dimension of the two-point correlator near the surface) for the dense phase of the O(r =)
lattice model describing the so-called “Manhattan random walks’ [11].

According to [11] the value A =_—§- belongs to the family of the critical exponents

Xs = xgﬁ:m = %S(S —2) {14)

where § is the number of fluctuating chains tightly together in the bunch connecting the
peints z and z’ on the complex plane (see figure 3 and [11] for more details). The critical
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M

Figure 3. Simplest ‘watermelon’ configuration of the bunch of § = 2 chains having the trivial
(i.e. contractable to the point) topological configuration with respect to the peculiar points on ).

behaviour of the two-point correlation function for the ‘watermelon® configuration with 5
chains in the bunch has the following scaling form:

- , 1
G(lz — 2], me) ~ [y (15)
The case S = 1 corresponds to the conformal dimension of the primary fields ¢(z)
considered above (10}+(13). For § = 2 (14) gives xg = 0 and hence we could expect
the logarithmic behaviour of the correlation function (15). Using the results of the works
[12] we can establish that fact directly for the contractible random loop on the plane with
removed points.

The group I'; has the metrics of the Cayley tree. Introducing the non-Euclidean distance
on the Cayley tree, n, between the ends of the simplest watermelon configuration with § = 2

(see figure 3} we have [12]

G, Ni, N2) . r(1, 1 (16)
7, N1, N2, N13/2N23/2 Xp 2 Ni N2 '

where N1 and N, are the lengths of the irajectories in the bunch. The mapping of the
correlation function (16) of the contractible random walks on the universal covering & onto
the double-punctured complex plane } is given by the convolution [12]

lz — 2

® 1
G(jz — 2|, N1, N2) ~[0 EﬁXp{-— ]G(n, Ny, Na)dn. (17

The critical behaviour of the correlation function (15) can be obtained using the Laplace
transform:

G(lz _ zl[, mc) — fG(lz _ zl‘l' Nl! Nz)emc<Nl+N‘i) d.Nl sz . (18)

Substituting (16}, (17) into (18) we get
Gz =2}, me) ~ Ko (lz = 2'l/mg) |, o ~Mnlz 2. (19)
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Hence the behaviour of the correlation functions (12), (18) is consistent with (14), (15)
for the values S = {1,2}.

The conformal invariance of the random walk [5,6] together with the geometrical
interpretation of the monodromy properties of the four-point conformal correlator established
above enable us to express the following.

Statement. The critical conformal field theory characterized by the values ¢ = —2 and
A= —% gives the second (uantized representation for the random walk of the infinite
length on the double-punctured complex plane.

The conformal field theory with ¢ = —2 and A = —% has been studied recently in
[13] as an example of the non-minimal model with the logarithimic-like singularities in
the correlation functions. Thas the behaviour (19) could be considered as an additional
confirmation of the statement expressed above,

5. Topological invariants from the conformal approach and Alexander algebraic
invariants for braid B;

Consider the braid group B3 defined by the following relations among generators {gy, pa}:
My faply = Mafh fa (20a)
pplt = pitu = g = u3tne =1, (205)

It is known [14] that the relations (20a, b) are satisfied for y; (7 = 1, 2) written in the
so-called Magnus matrix representation

m=('0‘ i) uz=(§ _Ot) @b

where ¢ is the ‘spectral parameter’.
The Alexander algebraic invariant of the braid B; can be constructed in the following
way. Let us consider an arbifrary braid of length L; let it be, for example,

L elements

WO = gpap et (22)

where p'L) is the (2 x 2)-matrix obtained by multiplications of all L elementary matrices
along the braid, i.e. u'® is a particular representation of the Markov chain.
The Alexander polynomial invariant now reads [14]

Al{r} = det [u® - E] . (23)

We prove in [3] the following.
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|
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f
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t

[ random walk on the braid group B [

Figure 4. Relations between limiting behaviours of the random walks on '3, B3 and on the
Lobachevsky plane.

Theorem.

(1) Consider the Markov chain of length L with the uniform transition probabilities equal
to % defined on the set of B; generators {fi1, 2, i7", My 1), Define the highest power,
m3 (L), of the Alexander invariant

In Al{t}

24
s (24}

faax .
0 = Jim
which plays the role of Lyapunov exponent of the matrix product (22) [15].

(2) Consider the random walk of length L which-starts at the point z and finishes at the point
z" on the double-punctured plane f; denote this path C(L}. Define the non-Euclidean
distance |(L)}! between the ends of the path C(L) in the covering space 3 (the upper
half-plane Imt > 0),

In(L)] = | fin(@) — fan(@) = Mnv(C(LI) @)

(compare to (4)).
Now the following relation is valid:

1m m_ﬁl?x(L
2o (@]

The proof is based on the fact that the group B3 is the central extention of the group
PSL(2, Z) generated by the matrices (21} for t = —1 and without loss of generality we can
consider the random walk just on PSL(2, Z). The group PSL(2, Z} has the representation
in the upper half-plane Imz > 0 with the fundamental domain in the form of a triangle
with angles {0, = /3, = /3} [7] (compare to the corresponding construction for the group I's).
From figure 4 it is easy to see that the limit behaviour of the random walks on PSL(2, Z)
and on ['; are similar because in both cases they are governed by the Laplacian on the
Lobachevsky plane. This is the origin of the relation (25). The complete proof of (25) and
detailed consideration of the random walk on PSL{2, Z) is given in [3]. Let us note that
the highest power of the Alexander polynomial, m%;*(L}), characterizes the ‘complexity’
[16] of the braid and car be used for the rough classification of the homotopy class of the

braid Bs.

= constant . (25)
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6. Conclusion

Instead of discussion we formulate, without proof, the theorem which generalizes the
statement of section 5.

Theorem.

(1) Consider the random braid B, of length L, i.e. define the uniform distribution on the set
of braid generators {i1, ia, .., Mamt #1 H3 5 - .., sy} and construct the Markov
chain of length L from these generators. The topological state of the braid B, we
characterize by some algebraic polynomial invariant (Alexander, Yones, HOMFLY,...).
Define the ‘Lyapunov exponent’-—the highest power, m™*(L), of these polynomials.

(2) Consider the random walk of length L on the Lobachevsky plane with the scalar
curvature A = A(n) (where n is the number of strings in the braid). The non-Euclidean
distance between the ends of the random walk of length L we denote by in(L, A)|.
Now the following relation is valid:

mm (L)

Lllrngo m = const(A). (26
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